The paper presents the Quantum Electrodynamics theory for bound states at finite temperatures. To describe the thermal effects arising in a heat bath, the Hadamard form of thermal photon propagator is employed. As the form allows a simple introduction of thermal gauges in a way similar to the 'ordinary' Feynman propagator, the gauge invariance can be proved for all the considered effects. Moreover, unlike the 'standard' form of the thermal photon propagator, the Hadamard expression offers well-defined analytical properties, yet contains a divergent contribution, which requires the introduction of a regularization procedure within the framework of the constructed theory. The method and physical interpretation of the regularization are given in the paper. Correctness of the procedure is confirmed also by the gauge invariance of final results and the coincidence of the results (as exemplified by the self-energy correction) for two different forms of photon propagator. The constructed theory is used to find the thermal Coulomb potential and its asymptotic at large distances. Finally, the thermal effects of the lowest order in the fine structure constant and temperature are discussed in detail. Such effects are represented by the thermal one-photon exchange between a bound electron and the nucleus, thermal one-loop self-energy, thermal vacuum polarization, and recoil corrections and that for the finite size of the nucleus. Introduction of the regularization allows one avoid applying the renormalization procedure. To confirm this, the thermal vertex (with one, two, and three vertices) corrections is also described within the adiabatic S-matrix formalism. Finally, the paper discusses the influence of thermal effects on the finding the proton radius and Rydberg constant.
I. INTRODUCTION
The influence of blackbody radiation (BBR) on atomic systems is an important subject in modern atomic physics. Research in the field started at the end of 70s. First, the BBRinduced effects were detected experimentally (as the BBRinduced photo-ionization from Rydberg energy levels), and then the theoretical description was given within the framework of the quantum-mechanical (QM) approach in [1, 2] . Measurements of the BBR-induced energy shifts for Rydberg levels of Rb atom were performed in [3] with the use of highprecision laser spectroscopic techniques. In [3] , it was noted that measurements were consistent with the predicted finitetemperature radiative corrections to atomic energy levels induced by BBR. Now, the issue of the blackbody radiation influence on atoms is widely discussed in literature. Particular interest to such kind of investigations arises in view of the substantial progress in theoretical and experimental research of atomic clocks and determination of frequency standards [4] [5] [6] [7] [8] [9] [10] . The typical approach that is usually applied to the analysis of BBR-induced effects in atomic systems corresponds to the quantum mechanical evaluation of the Stark shifts and depopulation rates for highly-excited (Rydberg) states [1, 2] .
Also, the middle of 70s [11] saw the development of the quantum field theory at finite temperatures, where the spontaneous symmetry breaking at high temperatures and its cosmological implications were discussed. Feynman rules for scalar and vector fields and for finite-temperature Green's functions were derived in [12, 13] . A brief historical review of the field theory at finite temperatures and effects on scattering processes and decay rates can be found in [14, 15] . Namely, a renormalization prescription for fermions at finite temperatures and a procedure for calculation of radiative corrections of free particles were given in [14] . The details of the quantum electrodynamics (QED) theory for free particles at finite temperatures can be found in [15] . The application of the theory to bound states was demonstrated also in [15] , where the thermal correction to the Lamb shift in a hydrogen atom was roughly estimated.
As noted in [15] , the existing methods and the results of many of special calculations in literature do not always agree with one another. The same situation still persists, since authors typically apply methods of the thermal QED theory for free particles to describe thermal effects in atomic systems (bound particles). The extensive applications of the nonrelativistic quantum electrodynamics theory to the theoretical analysis of the BBR influence upon atomic systems abound in literature, see, e. g., [16, 17] , where the electronic and muonic hydrogen atoms were treated.
Recently, a rigorous quantum electrodynamic derivation of the Stark shift and depopulation rates of atomic energy levels in the presence of the blackbody radiation was performed in [18] , where the perfect agreement between QED (in nonrelativistic limit) and QM results was also demonstrated. An attempt to evaluate the relativistic correction to the one-loop BBR shift in the ground states of hydrogen and ionized helium was given in [16, 17, 19] . Another application of the QED description of thermal effects in atoms was reported in [18] with the use of the 'QED regularization' of the self-energy correction. Namely, such regularization was supposed to lead to the level-mixing effect in the BBR field, which strongly exceeds the QM result for depopulation rates.
However, the calculations of Γ mix a were performed incorrectly, the factor α 3 (α in the fine structure constant) was left out. The present paper will show the numerical results for Γ mix a to be much smaller, but still exceed the quantum mechanical ones [2] by several orders of magnitude. The analysis of such behavior and accurate calculations are presented in [20] , where the mixing effect is suggested to take place at very low temperatures only. At high temperatures, the QM depopulation rates [2] and corresponding QED values coincide within high accuracy. The main conclusion that can be drawn here is that the QED theory at finite temperatures for bound states still requires further examination and development.
To reveal the 'new' effects and re-examine well-known ones, which arise due to the blackbody radiation, we draw on the QED theory at finite temperatures developed in [13] [14] [15] . Within the framework of the theory, a free-electron gas (no external field) that interacts with a photon gas is considered as being in the thermal equilibrium and is described by a grand canonical statistical operator, which modifies both the electron and the photon propagators. Since our task is to describe the blackbody radiation influence on bound states, we will retain the electron propagator in the standard form (QED theory for bound states) and treat the influence of the BBR within QED perturbation theory involving the thermal photon propagator only. This is validated by the thermal part of the fermion propagator being suppressed by the factor exp(−βm e ) (m e is the fermion mass) [15] .
The main difficulty in developing such a theory is that the thermal photon propagator found in [13] [14] [15] possesses no well-defined analytical properties, see [21, 22] . Thus, we start our research from the very beginning, i.e. we re-examine the derivation of the photon propagator in case of the heated vacuum. Although the final results in our paper are given in the non-relativistic limit, the relativistic corrections can be easily found from the theory developed below.
II. QED DERIVATION OF PHOTON PROPAGATOR AT FINITE TEMPERATURES
A. Vacuum-expectation value of the T-product
At first, we derive the thermal photon propagator and show it to be defined by the Hadamard propagation function. According to the QED theory, [23, 24] , the photon propagator is a time-ordered product of two photon field operators averaged over the vacuum state:
where vector-potential operatorÂ µ (x) is defined bŷ
Here e µ λ,k is the four-dimensional polarization vector (λ, µ = 0, 1, 2, 3), k and x are the ordinary four-dimensional wave and time-space vectors, ω k = | k| is the photon frequency, and notationsĈ λk ,Ĉ † λk correspond to the annihilation and creation operators, respectively. Substitution of (2) into Eq. (1) leads to the expression, which contains four terms. Two of them are zero, sincê C λ k |0 = 0 and 0|Ĉ † λ k = 0, where |0 is the vacuum state. Then, for the vacuum-expectation value of the T-product, we obtain
0|T Ĉ λ kĈ † λ k e i k x−iω k t e −i k x +iω k t +Ĉ † λ kĈ λ k e −i k x+iω k t e i k x −iω k t |0 .
Employing relationships 0|Ĉ λ kĈ † λ k |0 = g λλ δ( k − k ) and g λλ e µ λ, k e ν λ , k = g µν (g µν is the pseudo-Euclidean metric tensor in Minkowski's space), we find
(2π) 3 2ω k θ(t − t )e i k( x− x )−iω k (t−t ) + θ(t − t)e −i k( x− x )+iω k (t−t ) = (4)
Here θ(τ ) is the Heaviside theta-function. With the use of
the vacuum-expectation value of the T-product reduces to
where
k and integration contour C, see [25] , is depicted in Fig. 1 . 
The integration over the angles and over the poles in the complex plane k 0 of Eq. (7) leads to the well-known expression:
where r 12 ≡ | x − x | and integration over frequency ω runs through all possible values including the negative half-axes. However, the photon propagator can be presented also in another form. To this end, the chronological product Eq.
(1) can be rewritten as a sum of a commutator and an anticommutator: where the first term represents the Pauli-Jordan function, and the second one is the Hadamard function [24] .
In the four-dimensional integration form (see [23] ), PauliJordan function D µν (x) is
and the Hadamard propagation function is defined by
and can be also given in the equivalent form:
The contours of integration in k 0 -plane for Eqs. (10) and (11) are given in Figs. 2, 3. We should remind that these two equivalent forms of the Hadamard function (Eqs. (11) , (12) ) are related directly to the thermal averaged photon propagator, which is derived in the next section. 
B. The thermal part of the T-product and thermal photon propagator
To determine the heated vacuum expectation value, we are to examine the ensemble-averaged chronological product of vector potentials of Eq. (2):
where ρ denotes (in the zeroth approximation) the statistical operator for the non-interacting photons, electrons, and positrons. We consider the bound electrons case, when the heat bath influence is much smaller in comparison to the Coulomb interaction of charges. Then, Eq. (13) holds valid at temperatures k B T (αZ) 2 m e c 2 . With the use of decomposition Eq. (9), the heated vacuum expectation value of the chronological product is given by
Since the commutator [A µ (x), A ν (x )] after T-ordering and averaging over the vacuum becomes a c-number, we can rewrite Eq. (14) in the form:
Then, combining Eqs. (16) and (9),
where D µν F (x, x ) is defined by Eq. (9) and represents the zeroth (unheated) vacuum Feynman propagator.
Introducing the definition
we find the thermal part of photon propagator, D µν β (x, x ), to be defined by Hadamard function D 1 as
i.e. the thermal part of the photon propagator can be given in the form of the four-dimensional integration with the contour of Fig. 3 . Then, with the relationships
we find
is the Boltzmann constant and T is the temperature in Kelvins. This expression can be obviously transformed to
We can also use here the relationship 2n β (ω) = coth( βω 2 )−1, thus, arriving at the expression
which coincides with the result of [14, 15] . Two different forms of the thermal photon propagator can be obtained from Eq. (21) . The first one corresponds to the four-dimensional integration arising via the relationship
Employing the completeness relation [26] for the polarization vectors,
Thus, the thermal photon propagator can be defined by the Hadamard propagation function. The form of Eq. (21) allows analytical integration in kspace. To this end, we integrate first over angles:
where notations r ≡ | r − r |, τ ≡ t − t were introduced. Next, the analytical integration over κ yields
Then, the use of cosh x − cosh y = 2 sinh
which gives the space-time representation of the thermal photon propagator.
The second equivalent form for the thermal part of photon propagator can be found with the use of the following relationships:
Substitution of Eq. (28) into Eq. (21) gives
The final expression
coincides with the result given in [13] [14] [15] . After the angular integration and some algebraic transformations (see [18] ), we can also find
Thus, we have found two equivalent forms of the thermal photon propagator, Eqs. (24) and (30) . The latter coincides with the result of the theory presented in [13] [14] [15] . However, the form Eq. (30) has no well-defined analytical properties [27] . It was underscored in [27] that the delta function in Eq. (30) should be regarded as an abbreviation for the regularized representation; it is only in the simplest diagrams that the delta functions can be taken literally, see also [21] . Moreover, the photon propagator, Eq. (30) , becomes undetermined at point k 0 = 0 (the static limit), where δ(| k|) arises on the semi-axis of integration.
Contrary to this, the form Eq. (24) has no indeterminacies. What is more, it allows a simple introduction of gauges. Yet, both forms of thermal photon propagator contain a divergence, which originates from distribution function n β at point ω k = 0. The paper [15] demonstrated the renormalization procedure of such divergences for the case of free particles. The procedure will be shown to fail to work for bound states (there are no infrared divergences in the QED for bound states), and a regularization procedure to replace it will be described in section III C.
C. The thermal photon propagator: the Coulomb part
To clarify the contributions of the transverse and Coulomb parts of the thermal photon propagator, a set of general polarization vectors can be introduced for metric tensor [26] . Namely, starting from an arbitrary time-like unit vector n µ = (1, 0, 0, 0), the scalar, transverse and longitudinal polarization vectors are
Two transverse polarization vectors e µ 1,k and e µ 2,k are purely spatial and orthogonal to k. Longitudinal polarization vector e µ 3,k is time-like positive, orthogonal to k as well as the transverse polarization vectors, and has unit negative norm.
Then, the metric tensor can be expressed as
Regrouping terms in Eq. (33), we obtain
The last term here is immaterial for the following evaluation, since the photon propagator is to be contracted with the conserved current. According to the continuity equation k µ j µ = 0, this term vanishes. Thus, the Coulomb part of metric tensor, g 00 , is
and the transverse part, g ij , is defined by
Finally, substitution of Eqs. (35) and (36) into Eq. (24) results in
Here, we should note that the form Eq. (24) represents the thermal photon propagator in the Feynman gauge, whereas the forms Eqs. (37) and (38) give the Coulomb and transverse parts of the thermal photon propagator in the Coulomb gauge. The result (37) can be considered, in principle, as the BBR-induced Coulomb photons by the analogy with relation between the spontaneous and induced transition rates (transverse photons).
D. The thermal Coulomb gauge
The result, Eq. (24), allows drawing an analogy with the ordinary photon propagator Eq. (7). Thus, we can introduce the gauge for the thermal photon propagator in a conventional manner [25] . The most general form of the ordinary photon propagator in the momentum space is
where χ µ and D(k 2 ) are arbitrary functions. Gauge functions χ µ and D(k 2 ) can be defined as
In the thermal case, the functions can be modified by multiplying by Bose distribution n β (| k|):
Now, the zeroth (Coulomb) component of the thermal photon propagator is
and the transverse part is defined by
III. THE ONE-PHOTON THERMAL EXCHANGE
The derived expressions (Eq. (24) for the thermal photon propagator, which includes thermal scalar photons, and Eq. (42) for its Coulomb part) cannot be grounds to claim the existence of a physically sensible thermal correction. In the present section, we will formally derive an expression for the thermal correction to the Coulomb potential, which follows from the thermal Coulomb propagator Eq. (42) . Later, the expression will be compared with another one, see section IV.
A. Derivation of the Coulomb interaction via the photon propagator
The Coulomb interaction of a bound electron and the nucleus is schematically shown in Fig. 4 . The corresponding S-matrix element is given by Employing the Fourier transform for the nuclear current
we can integrate over x 2 variables in Eq. (44) . The result is the δ-function, which cancels integration over q variables. Then, with the use of definition Eq. (7), we obtain
The expression can be substantially simplified in the static limit: for the zeroth component of the nuclear current, it is j
Integration over time variable yields δ-function. Then, according to the definition, see, e. g., [28] ,
we can write
The further evaluation can be performed by assuming ρ ext ( k) ≈ 1, which corresponds to the point-like nucleus charge distribution. Now, the integration over angles in d 3 k yields
Here κ ≡ | k|, r ≡ | r|, and n a is the principal quantum number. The result Eq. (50) corresponds to the hydrogen atom. It is two times the energy of the bound level in hydrogen, since the term represents the potential energy only. To find the complete level energy for the bound electron, its kinetic energy is to be taken into account, which can be found, e. g., via the virial relation. In case of the Coulomb potential,
, and, therefore, T + U = − The present part of work examines the Feynman diagram Fig. 4 , where the 'ordinary' photon propagator is replaced with the thermal part Eq. (24) (denoted with γ T ). To derive the thermal interaction, we evaluate only the zeroth component of the thermal photon propagator. In accordance to the results of section III A, S-matrix element is
. Insertion of the zeroth component of the thermal photon propagator Eq. (24) gives
Employing the static limit for the point-like nucleus, we find the thermal interaction energy in the form:
Here, we have used again the approximation of the point-like nucleus. An additional factor 2 has appeared as a result of contour integration Fig. 3 . Then, integrating over d 3 k, we arrive at
The same result can be easily found in the thermal Coulomb gauge, Eq. (42), when we consider the scalar part of the thermal photon propagator in the form Eq. (37). The integral in Eq. (54) diverges at κ = 0 due to the singularity of Bose distribution function n β (κ). Applying the series expansion of sin κr/κr ∼ 1 − κ 2 r 2 /6, we find the divergence to correspond to the first term in the expansion:
However, it is independent of r and is the same for any atomic state (unmeasurable). In principle, the divergence can be attributed to the heated vacuum infinite energy. In this way, the zeroth energy of the heated vacuum must be subtracted from the result (54), i.e. the divergent term can be omitted from the consideration (see §23 [29] ).
C. Cancellation of divergent contribution
According to the QED theory, the divergences arising in the ordinary case (the zero vacuum) can be canceled out by the contribution of other diagrams (renormalization technique). In the heated vacuum case, the same procedure was described in [14, 15] for free particles. That purpose was served by introducing the finite temperature counter-term to the Lagrangian.
To demonstrate the procedure, we evaluate briefly the thermal correction of the lowest order for free particles. The wave function of a free charge in simplest form can be written as
where ω q and q represent the energy and momentum of the particle, respectively. Applying the S-matrix formalism to the diagram of Fig. 4 for the free particle case, one can find after the integration over time variables that
Integration over d 3 r leads to (2π) 3 δ( q − q + k), which removes the integration over d 3 q . Then, the energy shift can be defined via Eqs. (48):
The series expansion of wave function ψ( q+ k) in small values of k leads to
where the normalization property of a wave function was used. Integration over angles in Eq. (58) results in the same divergent contribution as the first term after the series expansion of sin in expression Eq. (54):
The above expression diverges logarithmically at κ → 0, which corresponds to the zero energy of thermal photons. However, there are no photons with the zero energy. Moreover, like in the result of the previous section, the divergence is independent of r. Thus, the contribution should be ascribed to the 'dressed' particle, i.e. we are to subtract the counterterm from the Lagrangian, which is δmψψ and corresponds to the mass renormalization of a particle. While it is quite obvious that r-independent contribution in Eq. (54) vanishes if one subtracts Eq. (59), a more rigorous proof consists in the introduction of regularization: the lower limit in the integrals of Eq. (59) and Eq. (54) should be replaced with , which is to be set to zero after all calculations.
Thus, in the lowest order, we see that the subtraction of expressions (58) or (59) leads to a finite result and corresponds to the renormalization procedure of the particle mass.
The same conclusion can be drawn in another way. Namely, to avoid the divergent or r-independent constant contributions in all orders, we can consider the procedure described briefly in §23 in [29] . Since we have to deal with the thermal photon part only, the renormalization procedure can be attributed to regularization of the thermal photon Green's function.
In particular, the Lagrangian of the electron-photon interaction is written as
where j µ (x) is the electron current and A µ ext (x) is the vectorpotential of the field induced by external charge J ext ν (x). According to [23] , the external field can be defined via the photon Green's function (the thermal photon propagator in our case):
Thus, the renormalization procedure corresponds to the subtraction of the counter-term from Eq. (60) or to the regularization of Eq. (61) . It was shown in [29] that the annihilation and creation operators can be modified aŝ
where the prime denotes the absence of the state with κ = 0, andξ 0 andξ † 0 represent the annihilation and creation operators for particles in the state with κ = 0. Such construction admits of the evaluation of the thermal photon propagator as in section II B but separately for the states with κ = 0 and κ = 0.
Integration contour C 1 being closed, the part corresponding toξ 0 ,ξ † 0 averaged over the heated vacuum states arises immediately from the expressions Eqs. (21) , (23) , where we can set x = x and t = t . Then, we can write
The expression can be compared with the result (58). In the static limit, it is clear that iiD µν β,× leads precisely to the same contribution.
Since there are no photons with zero energies, the subtraction of the 'coincidence limit' Eq. (63) provides the correct regularization of divergent or constant r-independent contributions in all orders of the perturbation theory for the thermal photon part.
The coincidence limit for the thermal photon propagator in the Coulomb form (see Eqs. (37) , (38) ) is
Below, we will demonstrate that the coincidence limit allows the exact cancellation of the r-independent contributions.
D. The regularized thermal correction of the lowest order
To regularize expression (54), we examine the coincident limit Eq. (63) . The S-matrix element for the zero-zero component of D µν β,× can be written as
Substitution of the Fourier transform of the nuclear current
allows the integration over x 2 with the replacement of the coincidence limit with x 1 → 0. In other words, we have
Then, upon integration over d 4 q in Eq. (67), the regularized S-matrix element Eq. (52) can be written as
In the static limit for the point-like nucleus, j ext 0 (k) = 2πδ(k 0 ), we find after the integration over k 0 ,
The integration over time variable in d 4 x gives a δ-function, which is removed by the definition Eq. (48).
The energy shift is defined by
Integration over angles in
The expression is regular and can be easily derived for the thermal photon propagator in the Coulomb form Eq. (37) with the use of the coincidence limit Eq. (64). The thermal correction of the lowest order can be obtained with the estimate κr 1 at relevant temperatures. Employing the series expansion of sin κr, we arrive at
where ζ(s) is the Riemann zeta function.
IV. THE THERMAL COULOMB POTENTIAL A. Derivation of the thermal Coulomb potential
We concentrate now on the Coulomb part, Eq. (37), of the thermal photon propagator. Integrating over k 0 , we obtain
and the integration over polar angles yields
where r ≡ | x − x | and we made the substitution cos θ = y.
To regularize expression Eq. (74), we subtract the coincident limit Eq. (64) and also introduce the large distance regularization: lim α→0 exp(−ακ). We find then that
Integration over κ and y can be performed analytically with the use of ψ(z) function (the logarithmic derivative of the Euler's gamma function, d ln[Γ(z)]/dz, see [30] ):
where γ is the Euler-Mascheroni constant, γ 0.577216. Then
Setting α = 0 in the second term of the numerator, we find
The substitution βκ ≡ t in Eq. (78) yields
where z ≡ 1 + α β − iy r β . Now, in view of [30] and Eq. (76), we obtain
−ακ e ikry − 1
Integration over y can be performed with definition
Insertion of dy/dz = iβ/r gives
Now integration over y can be easily performed
which leads to the expression for the thermal Coulomb potential:
The result Eq. (84) can be expanded into Taylor series at r → 0. Then, the thermal corrections of the lowest order are
The same result can be found for the low temperature regime β → ∞. In both cases, one can find the asymptotic for Euler's gamma function at z = r/β 1 (see [30] ) with
. . and
B. The asymptotic of thermal Coulomb potential at large distances
The asymptotic behavior of the potential (84) at large distances and fixed temperatures can be found in a slightly different way. To this end, we should resume our derivation of D 00 β,reg (x, x ). Namely, in this case, we integrate Eq. (74) over y at first:
. (87) Writing sin as the imaginary part of exponential function, we have
where denotes the imaginary part and the lim α→0 is assumed. To evaluate the corresponding integrals, we employ the expression (3.427(4)) in [31] :
for the positive real part of µ, µ > 0. Then, the integration over κ in Eq. (88) can be performed with substitution x = βκ:
The latter can be transformed to
where we set α zero in the last two terms. The second integral in Eq. (91) can be evaluated as follows. At first, we regroup it
where the first integral in the right-hand side is π/2 and the second one is integrated by parts, (
Substitution t = rx β in the last integral results in
With due regard for expressions Eqs. (89) and (94), we arrive at
The remaining integrals yield Euler-Mascheroni constant:
In the limit α → 0, we have
Now, using ln(−i) = −i
Below, we use the property of gamma function: Γ(z) = Γ(z) and employ the following asymptotic representation, [32] :
where y = r/β.
The final result reads as
The presence of r-independent constant in Eq. (101) causes the necessity of a renormalization procedure in the largedistance (free-particle) limit. The procedure can be found in [14, 15] .
The results of the present section should be compared with the previous ones. Namely, in section III D, the thermal correction of the lowest order was found for Feynman diagram corresponding to the photon exchange between a bound electron and the nucleus, see Eq. (72) . Averaging the expression (83) over state a of the bound electron, one can arrive at the same result. Actually, evaluation of the matrix element (70) without the series expansion of sin would repeat the derivations of section IV A. Thus, we can conclude the potential (84) to represent the renormalized external potential induced by the charge current. By analogy with the stimulated emission in the BBR field, the thermal Coulomb potential (84) can be considered as the Bose-induced part of Coulomb photons.
V. THERMAL VERTEX CORRECTIONS OF NEXT ORDERS: THE ADIABATIC S-MATRIX FORMALISM
In the present section, the vertex correction is understood as the Feynman graph Fig. 4 describing the thermal Coulomb interaction of an electron with the nucleus in an atom. Then, the higher order vertices correspond to the Feynman graphs with two or three such vertices attached to the same electron line. The lowest order vertex represents, according to Eq. (71), a correction of order αZF 1 (βm e ), where α is the fine structure constant and F 1 (βm e ) is a function of thermal parameter 1/βm e . The function is defined by the integral in Eq. (71) . The corrections of such low order α, αZ are absent in the zero-temperature QED. The lowest order radiative corrections in the zero-temperature QED start with those of order m e α(αZ) 4 in r.u. The smallness of the lowest order thermal Coulomb correction Eq. (71) is determined by its dependence on thermal parameter 1/βm e . Therefore, it is necessary to check whether other vertex corrections will decrease in magnitude with growing number of vertices.
The evaluation of the energy corrections with the formula Eq. (50) is possible only for the irreducible Feynman graphs [33] . These are defined as the graphs, which cannot be separated into unconnected parts by cutting only one internal fermion line. Evaluation of the energy corrections represented by the reducible graphs is more involved and requires application of special methods. Historically, the first one was the adiabatic S matrix approach, followed by the Green Function method [34] , [35] , and the covariant evaluation operator method [36] and the Line Profile method [28] were developed for the purpose. The Feynman graphs with several thermal interactions between an electron and the nucleus are reducible, and we choose the adiabatic S-matrix approach for their treatment.
Adiabatic S-matrixŜ η differs from the standard one by presence of adiabatic (exponential) factor e −η|t| in each (interaction) vertex. This reduces to the notion of the interaction being adiabatically switched on and off, which is formally introduced by replacementĤ int (t) −→Ĥ η int (t) = e −η|t|Ĥ int (t) [37, 38] . A symmetrized version of the adiabatic formula containing S η (∞, −∞), which is more convenient for the QED calculations, was proposed by Sucher [38] . The first application to calculations within the framework of the bound-state QED theory was made in [39] . It was shown there how to deal with the adiabatic exponential factor when evaluating the real part of corrections to the energy levels (see also [33] ). The same method was applied in [40] to evaluate the imaginary part of the corrections. The QED applications within the adiabatic S-matrix formalism for evaluation of energy shifts and level widths can be found also in [41] .
A. The thermal correction of the lowest order
In terms of the adiabatic S-matrix formalism, the energy shift is defined by the Gell-Mann and Low adiabatic formula [37] :
where the adiabatic S-matrix element can be expanded as a power series in e andŜ η = ∞ n=0 e nŜ (n)
η . Then, we expand the numerator and the denominator in Eq. (102) in powers of e and confine ourselves to the second order terms:
η |a − a|Ŝ
The off-diagonal matrix element of the first order corresponds to the one-vertex diagram depicted in Fig. 4 and is e f |Ŝ (1)
. (104) Applying again the Fourier transform to the nuclei current and the static limit to its zeroth component, we arrive at e f |Ŝ (1)
Time integration yields
Then, the diagonal matrix element f = i = a gives the energy shift
The final result is obtained in the limit η → 0. After the integration over angles, we find
The energy shift Eq. (108) coincides precisely with the result of the ordinary S-matrix formalism, Eq. (54). Thus, applying the regularization procedure given in section III C, we arrive at expression (72) .
B. The double vertex diagram
The double vertex diagram is depicted in Fig. 5 . The cor- responding matrix element, a|Ŝ
η |a , can be found with the insertion of adiabatic factors e −η|t1| and e −η|t2| as
Here, the Feynman propagator for the bound electron is
Applying again the Fourier transform for the zeroth component of the nuclear current and integrating over d 4 x 3 and d 4 x 4 , we have in the static limit:
Then, with the use of Eq. (106), this reduces to
Integration over ω (see in [40] for details) can be performed with
and, therefore,
Separating out the term n = a (reference state) in expression (74), we can write
It follows from Eqs. (105) and (106) that
Then, according to Eq. (103), we obtain
where the first term in Eq. (115) (the summand n = a in 2 a|Ŝ (2) η |a ) cancels precisely a|Ŝ
The final expression for the second-order vertex thermal correction (see Fig. 5) can be obtained after the integration over angles in
In particular, it follows from the result (118) that there is no divergence in the second-order correction. The term corresponding to the r-independent contribution is zero due to the orthogonality of wave functions, and, therefore, the correction of the leading order is
The correction is negligibly small, as it is proportional to (k B T ) 6 and k B T ∼ 9.50043 · 10 −4 at the room temperature (in atomic units).
We should note here that the modification of the thermal photon propagator in accordance with Eq. (63) does not change this result. The cancellation of the reference state in Eq. (117) (the state n = a) means that all r-independent operators vanish in the off-diagonal matrix element. Thus, the counter-term in the scalar part of the thermal photon propagator for diagram Fig. 5 is zero. The gauge invariance of the result can be easily accomplished with the use of Eq. (37) for the thermal propagator and Eq. (64) for the coincidence limit. The main conclusion of the present section is that corrections of the next orders do not make an additional renormalization procedure necessary. The regularization procedure described in section III C in conjunction with two forms of the thermal photon propagator Eqs. (24), (37) yields the gauge-invariant and regular result.
C. The third-order correction within the adiabatic S-matrix formalism
To substantiate the conclusion of the previous section, we consider briefly the third-order thermal vertex correction within the framework of the adiabatic S-matrix formalism. The corresponding energy shift can be written as
Applying the Feynman rules, we find
Then, considering the case n = a, m = a along with m = a, n = a, we find that the terms vanish in view of the second summand in Eq. (120). In turn, the case when n = m = a cancels the third term in Eq. (120). Thus, the expression for the third-order thermal correction can be written as
Integration over ω 1 and ω 2 in Eq. (122) results in
With the use of the series expansion of sin, we find the final expression for the third-order correction in the form:
Thus, we can conclude that the reference states n = a and m = a can be omitted when evaluating the thermal vertex correction of the third order. In turn, this means again that there are no divergences connected with Eq. (54). The rindependent terms as well as the coincidence limit Eq. (63) vanish by virtue of the orthogonality property of wave functions. The same conclusion can be drawn for the thermal Coulomb gauge. Therefore, the renormalization procedure given in section III C and corresponding coincidence limit suffice in all orders of such diagrams.
VI. EVALUATION OF THE THERMAL SELF-ENERGY CORRECTION
The present section deals with the one-loop self-energy (SE) correction, when the photon line is given by the thermal part of photon propagator (see Fig. 6 ). The detailed de- scription of the SE correction within the framework of the presented theory allows the accurate regularization of divergences in the Coulomb and Feynman gauges, thus avoiding the annoying mistakes made in [18] . In particular, we show the Hadamard representation of the thermal photon propagator to lead to the same final result as in [18] , where the thermal photon propagator in the form Eq. (31) was used. To render this section more self-consistent, we repeat some expressions from the text above.
A. The one-loop self-energy correction: the zeroth vacuum
The self-energy correction with the one-photon thermal loop was first considered in [18] . In particular, the rigorous QED description was shown to allow the accurate accounting for the finite lifetimes of atomic levels. The significance of the finite lifetimes was noted in [42, 43] , this is what causes the enhancement of blackbody friction by several orders of magnitude. The same effect was found in [18] , where the blackbody-induced line broadening exceeded the corresponding quantum mechanical result by several orders of magnitude.
A generic non-diagonal second-order S-matrix element (Fig. 6 ) in the Furry picture for a bound atomic electron is
, where integration is performed over space-time variables x 1 , x 2 , which designate spatial position vector r and time variable t. Here, we use relativistic units m e = = c = 1. The Dirac matrices are denoted as γ µ , where µ runs over values µ = (0, 1, 2, 3); ψ a (x) = ψ a ( r)e −iEat is the one-electron Dirac wave function,ψ a is the conjugated Dirac wave function. The standard (zero-temperature) electron propagator defined as the vacuum-expectation value of the time-ordered product can be represented in terms of the eigenmode decomposition with respect to one-electron eigenstates:
where the summation is over the entire Dirac spectrum. Finally, the standard (zero-temperature) photon propagator D µν F (x, y) in the Feynman gauge is given by Eqs. (7), (8) .
Energy correction ∆E a for an "irreducible" Feynman graph can be obtained via the relation [28, 33] :
Integrating over time and ω variables in Eq. (127), the energy shift can be written as
and the matrix element is to be understood as
Correction ∆E a can be split into the real and imaginary parts
Here, L SE a denotes the lowest-order electron self-energy contribution to the Lamb shift, and Γ a denotes the lowest-order radiative width. The rigorous QED evaluation of (128) can be found in [33] , [28] and lies beyond our interests. However, we should note that such description admits of the regularization of the divergent energy denominators in the photon scattering amplitudes, see [28, 44] . The detailed analysis of the imaginary part of the higher order SE corrections can be found in [45] .
B. The self-energy correction with one thermal photon loop it was shown in [18] that introduction of the photon propagator in the form Eq. (31) into Eq. (125) leads to the Stark shift and depopulation rate induced by the blackbody radiation. Further on, we evaluate the thermal one-loop self-energy correction with the Hadamard representation, Eq. (24), for the thermal photon propagator. The S-matrix element (125) is
Integrating in the thermal photon propagator first in k 0 plane, we obtain
Then, integration over angles in d 3 k yields
Integration over time variables and ω proceeds in usual manner and gives
According to the definition (127), we find the energy shift:
.
Expression (134) can be simplified with the use of series expansion for sin κr 12 /r 12 ≈ κ − 
with retaining only the terms of lowest order. The following evaluation of Eq. (137) can be performed in the nonrelativistic limit. To this end, we use relations r 
where we have added and substracted κ 3 ( r 1 r 2 ). The first term in the parentheses represents the desired result:
. (139) The evaluation of the real and imaginary parts of the expression was reported in [18] , where they were shown to represent the BBR-induced Stark shift and BBR-induced level width, respectively. Below, we consider the remaining terms in Eq. (138). The first of them is simplified substantially by virtue of the orthogonality property of wave functions:
In the second one, the imaginary parts in denominators can be dropped out. Then
The summation over n here can be performed with the use of Thomas-Reiche-Kuhn rule. As a result, these two expressions represent the divergent and constant contributions, which are independent of atomic states. We should note also that the energy shift for the thermal self-energy correction can be obtained as in [18] , i.e. with the use of the thermal photon propagator in the form Eq. (31). The result is
The evaluation of the expression leads again to terms independent of r 1 (2) . Such contributions are equivalent for any states and, therefore, can be considered as unphysical (unmeasurable). In [18] , such contributions were excluded from the consideration. Nonetheless, the application of the coincidence limit allows cancelling such contributions precisely. To demonstrate this, one can start with Eq. (136), where sin κr 12 /r 12 → κ. Repeating all the calculations as before, one can find the terms equal to Eqs. (140) and (141). Thus, the subtraction of the coincidence limit leads to the regular contribution Eq. (139).
Finally, the evaluation of (139) or (142) can be reduced to the examination of the real and imaginary parts. With the use of Sokhotski-Plemelj theorem, see [18] , the results are
Here, the real part of the thermal self-energy correction, Re∆E [2] . In principle, the effect of finite lifetimes can be taken into account in Eq. (139) phenomenologically, i.e. by the inclusion of level widths into the energy denominators. However, a more rigorous procedure will be described in the next section.
C. The QED regularization of resonant contributions
There is another divergence in Eq. (139) connected with the resonance in energy denominators. The corresponding regularization can be performed as in [44] , see also [28, 46] . The details of such regularization procedure in the thermal case can be found in [18] . To this end, the series of the ordinary SEcorrections should be included in the electron line, see Fig. 7 .
As a result of such procedure, we arrive at
where L SE n is the Lamb shift and Γ n is the natural level width of the nth level. (142) . The bold wavy line represents the thermal photon, whereas the thin wavy lines correspond to the ordinary photons, remaining dots denoting the whole series of self-energy insertions. All other notations are the same as in Fig. 6 .
Then, the regularized expression of the thermal one-loop self-energy correction is
where tilde stands for the inclusion of the Lamb shift.
The real part of the correction reduces to
Re ∆E
This differs from the quantum mechanical result [2] by the inclusion of the Lamb shift and level width: in the limit of the zero Lamb shift and level width, the QM and QED results coincide precisely. The imaginary part of Eq. (148) can be expressed as 2Im ∆E
The result was derived in [18] for the first time and transforms to the quantum mechanical expression in the limit Γ an → 0.
D. The one-loop self-energy correction in the thermal
Coulomb gauge
To verify the correctness of (139) and (148), we evaluate here the self-energy correction in the thermal Coulomb gauge, see Eqs. (42), (43) . First, we consider the Coulomb part (the zeroth component of the thermal photon propagator (42)) given by the S-matrix element:
Here we can integrate over k 0 , which leads to factor 4πδ(t 1 − t 2 ). Applying the definition (127) after the integration over time variables, we find the thermal energy shift for the Coulomb part of the self-energy correction in the form:
Then, integration over k angles yields
Now, one can apply the Sokhotski-Plemelj theorem:
where ℘ denotes the Cauchy principal value. The evaluation of the part containing δ-function presents no difficulty:
and, with the completeness condition n ψ n ( r 1 )ψ n ( r 2 ) = δ( r 1 − r 2 ), it transforms to
At the same time, the principal value integral is
Now let us consider the coincident limit for the Coulomb part. To this end, we apply expression (64) to the S-matrix element Eq. (151). Repeating all the derivations above, one can find
Whereas the principal value integral is still zero, it is obvious that subtraction of ∆E SE C β ,C× a leads to the exact cancellation of (156) and (157) contributions. Thus, the Coulomb part of the thermal self-energy correction in the thermal Coulomb gauge is absent.
As the next step, we evaluate the transverse part of the selfenergy correction. The corresponding S-matrix element is
Integration over k 0 can be carried out with Eq. (23). Then, integrating over time variables and ω with the use of definition Eq. (127), the energy shift can be written as
The following simplification of the expression (see [33] ) can be performed using the substitution (
and taking account of
Then, the transverse part of the self-energy transforms to
where we have integrated over k-angles. Applying (161) and the series expansion of sin with the relation r 2 12 = r 2 1 + r 2 2 − 2( r 1 r 2 ), one can arrive at
First of all, one can note immediately that terms − ( r 1 r 2 ) . So, we get
The first part of the above confirms Eq. (139). The results (139) and (164) correspond to the non-relativistic limit and coincide precisely with the expression derived within the quantum mechanical approach [2] , see also [18] . Thus, the gaugeinvariant result for the thermal self-energy correction of the lowest order is
. Now, we demonstrate the second part of Eq. (164) to be canceled by the corresponding transverse contribution of the coincidence limit. First, the contribution can be simplified by the dropping out the imaginary parts in energy denominators. Then, we can write
The evaluation of the transverse part of the coincidence limit (see Eq. (68)) can start from Eq. (159). The energy shift reduces to
To integrate over k-angles, we can use the representation of the scalar product in spherical components ( A B) = q (−1) q A q B −q , where the spherical component of vector is
Then, according to [47] , factor 8π 3 can be easily found.
Going back to the non-relativistic limit, (
, we obtain exactly the result Eq. (166). Thus, the divergent thermal contribution at κ = 0 is regularized by the coincidence limits Eqs. (63), (64) . The final result is gauge-invariant and equivalent for two forms of the thermal photon propagator, see Eqs. (24) and (30) . Moreover, the results arising from the one-loop thermal self-energy correction have a clear physical sense, this was originally found within the quantum mechanical approach. The circumstance allows drawing extremely significant conclusions: a) the renormalization or regularization procedure described in section III C is justified in this case also; b) besides the Stark shift and level broadening, there are no other temperature-dependent contributions.
Numerical values of the ac-Stark shift and level widths, Eqs. (149), (150) are given in Tables I-III for Tables I and II can be found in [18] . The values of the ac-Stark shifts obtained within the QED approach agree well with the quantum mechanical ones [2] . The difference can be explained by the accurate account for the Lamb shift. The QED values for the ac-Stark shift coincide with the results of [48] . The same conclusions can be drawn for the BBR-induced depopulation rates Eq. (167).
The most interesting result arises for the imaginary part of the one-loop self-energy correction within the QED approach, see [18] . As noted in [42, 43] , the accounting for the finite lifetimes of atomic states can lead to enhancement of the friction force in the BBR field by several orders of magnitude. The same situation was found in case of the BBR-induced level widths Eq. (150) 150), is given in [49] , so we do not repeat it. Table III has these values listed up to temperature 3000K, more accurate numerical methods should be applied for higher temperatures. Another thermal correction (see Eq. (185)) to the Lamb shift was found in [15] . According to it, the dominant low temperature modifications to the 2s 1/2 , 2p 1/2 energy splitting TABLE II. The BBR-induced depopulation rates in s −1 for the ns states in the hydrogen atom as evaluated within the QM approach (the imaginary part of Eq. (165)) for different temperatures T . The second entries in the second column cells for each n value present the results of [2] . The asterix * corresponds to the values evaluated without inclusion of the continuum spectrum. The last column lists the natural level widths in s −1 . 2 ). In the previous sections of the chapter, the contribution r 2 1 + r 2 2 was omitted from the consideration in the Feynman gauge and was noted to be zero in the Coulomb gauge. Now, we evaluate it briefly within the Feynman gauge. To this end, we should consider the α-independent term in Eqs. (142), (143). Then, the arising thermal correction looks as
In view of the orthogonality property of wave functions, the only state left in the sum over n is n = a. Since there is no pole in this case, the imaginary part of energy denominators can be dropped out. As a consequence, two terms in the brackets cancel each other. We should note that the same result (equal to zero) can be obtained for the ordinary case (the zero vacuum) of the self-energy correction. Contrary to the conclusion. the authors of [15] found the four times larger contribution than the first term in Eq. (169). This results from the not quite correct approximation.
VII. THE RECOIL, VACUUM POLARIZATION AND COMBINED VERTEX-SE CORRECTIONS A. The recoil effect
Before discussing the recoil effect, we should recall that of the finite mass of the nucleus. It arises immediately from Eq. (68), when we replace the electron mass (m e = 1 in our units) with the reduced mass µ = m e M/(m e + M ), where M is the nuclear mass. The series expansion of µ over m e /M yields the same thermal correction plus the term proportional to the ratio −m 2 e /M . The expansion brings no changes to the regularization procedure, see subsection III C and Eq. (63), and produces the finite nuclear mass correction:
which is three orders of magnitude less than the result Eq. (72) for the hydrogen atom (m 2 e /M ∼ 1836 −1 in our units [50, 51] ).
Expression (170) holds for a one-electron atom or an ion in the non-relativistic approximation, i.e. for the low Z values. In the ordinary QED, there are also recoil corrections of the order m e /M containing an additional smallness in relativistic parameter αZ (α is the fine structure constant). The Coulomb corrections of that kind were evaluated in [52] , see also [53] . The transverse part of these corrections was evaluated in [54] [55] [56] [57] , see also [35] .
Such thermal QED corrections can arise due to the exchange with transverse thermal photons, which takes place between the electrons and the nucleus in an atom. However, in the standard QED, there are no recoil corrections apart from the reduced mass for the one-electron atom in the nonrelativistic limit. Below, we show the same to hold for the thermal QED. To this end, we consider the diagram Fig. 4 with the exchange with the transverse thermal photons.
The corresponding S-matrix element is S β,tr
where indices l, m run over (1, 2, 3) and we have used the Fourier transform for the nuclear current (see the corresponding procedure in section III). In the non-relativistic limit, Dirac matrix γ l reduces to the matrix element for momentum operator p, see [33] . In turn, momentum operator p acting upon wave functions gives the zero result for the diagonal matrix element in the nonrelativistic limit. Thus, we find S β,tr
where the scalar product k j(k) results from the action of the operator p = −i ∇ upon the exponential. The scalar product can be transformed into k 0 j 0 (k) in the momentum space via the continuity equation. Applying the static limit to the zeroth component of current j 0 (k) = 2πδ(k 0 )ρ ext ( k), we can conclude that the transverse contribution to the vertex diagram Fig. 4 vanishes. To verify the result, we consider also the thermal Coulomb gauge.
The S-matrix element for the transverse part of the thermal photon exchange diagram can be written using Eq. (37):
which gives
Passing to the non-relativistic limit for the α-matrix, we find
Thus, two terms in brackets of Eq. (175) cancel each other, and we obtain the gauge-invariant zero result. The same can be shown within the adiabatic S-matrix formalism.
For completeness' sake, we should consider the transverse part of the coincident limit, Eqs. (63), (64) , which obviously should produce the zero result. The corresponding evaluation starts with the S-matrix element
where the limit x → 0 means that we set the origin of coordinates at the nucleus. Then, applying the continuity equation
we arrive at the zero result in the static limit for the nuclear current. The proof for the thermal Coulomb gauge repeats equation (175).
B. The thermal vacuum polarization correction
The section deals with the vacuum polarization (VP) correction, which is due to the external blackbody radiation field. In compliance to the standard QED methods, the fermion loop is to be presented as the expansion in the Coulomb interaction of a bound electron with the nucleus [25] . The lowest order diagram of such expansion is shown in Fig. 8 . Then, the Uehling potential can be derived from given Feynman graph. Employing the same procedure, we derive here the thermal Uehling potential, which corresponds to the ordinary photon lines (depicted in Fig. 8 as wavy lines with γ) being replaced with the thermal photon lines marked with γ T . The S-matrix element for Fig. 8 is
where D U µν (x, x ) represents the Uehling photon propagator: x 2 ) is the tensor corresponding to the fermion loop in Fig. 8 (see, e. g., [24] ). We do not modify the fermion propagator, assuming the fermion part to be suppressed by factor exp(−βm e ) (m e is the fermion mass) and, therefore, negligible in the thermal QED description of bound states [15] .
The photon propagator D µν F,β (x, x ) is the sum of ordinary and thermal propagators, see Eq. (17) . Allowing for the subtraction of the coincidence limit Eq. (63), we have
The S-matrix element Eq. (177) can be evaluated by parts. First, we consider the integral
. Applying the Fourier transform to the nuclear current with the subsequent integration over d 4 x , we find
where the lim x2→0 means that the nucleus is placed at the origin of coordinates. Then, we use the Fourier transform for the vacuum polarization tensor:
Here Π R (q) is the 'ordinary' regularized vacuum polarization tensor, see [24, 25] .
We can now integrate over d 4 x 2 to get the δ-function that removes the integration over d 4 k. In view of the continuity equation for the current q ν j ν (k) = 0, only the first term in parentheses of Eq. (182) is left. The further consideration can be restricted to the scalar part of nuclear current j ν=0 (k). In this case, the thermal part of the photon propagator in Eq. (181) reduces precisely to the coincident limit. Thus, we conclude that there is no contribution of the thermal photon interaction in the external line of the VP correction (Fig. 8) . The Uehling potential is expressed as
Then, substituting Eq. (179) 
The first term in brackets of Eq. (184) corresponds to the ordinary QED result for the zero vacuum, and we ignore it in the following evaluation. Applying the static limit for the point-like nucleus j 0 (k) = 2πδ(k 0 )ρ( k) ≈ 2πδ(k 0 ), the thermal Uehling potential can be reduced to
The integrand in Eq. (185) can be simplified substantially with the use of the approximation of small | k| values for vacuum polarization function Π R ( k). The condition holds due to the presence of Bose distribution function n β (| k|).
The vacuum polarization function in the lowest order, see [24] , is given by
where we wrote down electron mass m e for clarity. Integrating over angles in Eq. (185), we find
The S-matrix element Eq. (177) transforms to
Then, after the time integration with the use of definition Eq. (48), we obtain the energy shift
Within the non-relativistic limit, we can write approximately
so the final result is
The gauge invariance of the result can be easily shown with the procedures described above. The thermal vacuum polarization correction for the hydrogen atom yields
where n a , l a are the principal quantum number and the orbital momentum of the bound state a, respectively. We should note that the evaluation of the VP correction without the inclusion of the coincidence limit would lead to the thermal correction, which is constant and independent of the atomic state. Thus, the regularization suggested in section III C for the thermal photon propagator works in this case as well. We have used here the approximation of the pointlike nucleus, which suffices for our purposes in view of the small temperature factor. At the room temperature, the thermal vacuum-polarization correction is negligible in respect to the leading thermal photon exchange correction Eq. (72) or the self-energy correction, which are proportional to the third and fourth degrees of the temperature, respectively. The suppression factor in the thermal VP correction is 1/β 5 ∼ 10
in atomic units. In principle, the VP nuclear finite-size correction can be found from the considerations above, see section VIII C; however, it is negligibly small. The thermal nuclear finite-size correction of the leading order will be derived in the next chapter.
C. The combined vertex-self-energy corrections
The part of work deals briefly with the Vertex diagram Fig. 4 'dressed' with the self-energy loops. Such diagrams in the lowest order are shown in Fig. 9 . After the time integra- tion within the S-matrix formalism, it can be shown that the term corresponding to the vertex Fig. 4 can be separated out. As before, the contribution is divergent. However, two graphs a) and b) will in this case compensate each other precisely. The same will be concluded within the adiabatic S-matrix formalism for the reducible graphs, where the 'reference' state is canceled by the terms arising from the previous orders of the perturbation theory, see section V.
The expression for the sum of graphs a) and b) (its irreducible part) can be found as
This is a well-known result, which can also be found within the two-time Green's function method, see [35] . The first two contributions can be considered as the corrections to the wave function of the state a, and the last one gives the correction to the interaction, which arises within the framework of the perturbation theory in the presence of an external potential. The result for graph c) is given by
HereΣ (β) (|ω|, r 12 ) is the self-energy operator for the zero and none-zero temperatures:
sin |ω|r 12 n β (|ω|), T = 0.
The following evaluation of Eqs. (193) and (194) with the thermal self-energy loop can be excluded from the consideration, since it produces an additional factor of temperature 1/β 4 in the final result, see the previous sections and [18] . The first two terms in Eq. (193) are easily seen to contain no divergences corresponding to the thermal interaction: since n, m = a, the r-independent contribution is canceled by the orthogonality property of wave functions. Moreover, the coincidence limit can be easily shown to vanish in the case. Rough estimates of these summands are about −3.05 · 10 −4 s −1 in magnitude for the ground state and not in excess of −0.1 s
for the 6s state of the hydrogen atom at the room temperature.
Nonetheless, the regularization of the expression (194) is called for. The divergence of the thermal part is partially canceled by the remaining third summand in Eq. (193): the contribution n = m = a in Eq. (194) occurs with the opposite sign to the third term in (193) with n = a. There are also divergences related with the 'ordinary' self-energy loop. Here, we assume the regularization in this case to arise via the known renormalization procedure, and, therefore, the operator Σ(|ω|, r 12 ) is to be replaced with the renormalized one.
An accurate evaluation of Eqs. (193), (194) is a separate task, and the result should be rather small in respect to the lowest-order correction Eq. (72) or to the Stark shift Eq. (145). To demonstrate this, we restrict ourselves with the estimation of (194) only. In particular, we consider the diagonal matrix element an|Σ (β) (|ω|, r 12 )|na under the assumption of the off-diagonal elements being smaller. Then, the thermal correction (194) with n = m = a and the third term in (193) with n = a can be expressed with the formula:
Applying again the coincidence limit to the thermal part of Eq. (196), one can find the contribution of the order of Eq. (72) . The order of magnitude of Eq. (196) can be found by the way of the parametric estimations:
2 , and Σ (R) /∆E ∼ m e α(αZ) 4 in relativistic units, see [33] :
which is α 2 times as small as the thermal correction Eq. (72). The estimate Eq. (197) can also be compared with the contribution arising for the thermal self-energy correction, which is proportional to m e α(αZ) 4 /β 4 . We leave the accurate evaluation of Eqs. (193), (194) for the future.
VIII. THE NUCLEAR FINITE-SIZE CORRECTION
A. The nuclear finite-size correction: the quantum mechanical approach
At first, we consider the nuclear finite-size correction to the bound electron energy without thermal effects. The correction can be found in different ways. Here, we demonstrate these options in order to resort to them for the derivation and checking the correctness of the corresponding thermal contribution. One of methods rests on the use of an approximate expression, see, e. g., [58] , for the charge distribution:
where r 2 p denotes the average value of the squared radius of the nuclear charge. Then, the substitution of (198) into the S-matrix element corresponding to the graph Fig. 4 produces the part dependent on the nuclear radius
and we arrive at the expression
which represents the well-known result, i.e. the correction for the finite size of the nucleus. The same can be achieved within the framework of the quantum mechanics (QM), see [59] . True electrostatic potential ϕ(r) obeys the Poisson equation ϕ(r) = −4πρ(r), where ρ(r) represents the nuclear charge distribution. Then, the energy shift of the bound electron in respect to the Coulomb interaction 1/r is
where the difference of potentials is other than zero in the nucleus volume. Therefore, the squared modulus of the wave function can be taken out at point r = 0.
The following evaluation is performed with the use of relation r 2 = 6 and integration by parts:
Employing the Poisson equation, we find
The second term in Eq. (204) yields zero, and we obtain again
where the notation r 2 p = d 3 r r 2 ρ(r) for the average value of the squared nuclear charge radius is introduced.
B. The thermal nuclear finite-size correction
In the previous section, we have used the QM approach to evaluate the nuclear finite-size correction to the energy of the bound electron disregarding the thermal effects. Now, we employ the procedure to evaluate the thermal nuclear finite-size correction. The energy shift Eq. (68) admits the introduction of the nuclear finite-size correction as
Making use of the charge distribution Eq. (198) yields
The first term here was examined in section III. The second one results in the desired correction, where the space integration is over nuclear volume V n , see [60] . Integrating over κ in Eq. (207), we obtain
Here, as before, we took |ψ a ( r)| 2 at r → 0 out of the integral. The expression can be transformed to
C. The nuclear finite-size correction to the vacuum polarization effect
To evaluate the thermal correction to the vacuum polarization effect for the finite size of the nucleus, we should enter the charge distribution (198) into Eq. (189):
Then, dropping out the unity, which corresponds to the case considered in section VII B, we obtain
Using series expansion sin κr/κr − 1 ≈ −κ 2 r 2 /6 and taking out |ψ a ( r)| 2 at r = 0, one can find
Integration over d 3 r yields the factor 
The correction is e 2 /β 2 times as small as the result Eq. (218) and, thus, is completely negligible.
IX. DISCUSSION AND APPLICATIONS

A. Discussion
In the present paper, we have evaluated the thermal corrections of the lowest order in fine structure constant, α, for the non-relativistic atomic system. To this end, we have examined the Feynman diagrams corresponding to the one thermal photon exchange between a bound electron and the nucleus, the one-loop self-energy, the vacuum polarization diagrams, and the thermal corrections for the finite size of the nucleus, which arise within the one thermal photon exchange and vacuum polarization. In all these cases, the thermal correction emerges by the way of the thermal part of the photon propagator, see section II. In view of very accurate experiments [61] , the hydrogen atom is the most attractive system to study thermal effects of this type. Therefore, all final results are given in the non-relativistic limit, which allows evaluating the thermal corrections analytically.
To find thermal corrections, the Hadamard form of thermal photon propagator was introduced in Eq. (24) . The form is more suitable for the corresponding derivations, since it allows the direct analogy with the 'ordinary' (zeroth vacuum) Feynman photon propagator. We have also shown the form to be equivalent to the thermal photon propagator derived in [13, 14] . Unlike the result of [13, 14] , the Hadamard representation has no problems with the order of integration [21] or analytical properties beyond the mass shell, but it leads to a divergence at | k| = 0. The divergence corresponds to the case, when the number of Bose-particles in the condensate state can be arbitrarily large, see [29, 62] . For the photons, however, we should take into account that there are no particles with zero momentum; therefore, the divergence can be taken out from the consideration just by subtracting the divergent term. It was noted in [63] that the infinite result should be attributed to the zero-point energy of the vacuum, which can be subtracted. Here, we have suggested a regularization procedure, which represents the subtraction of the coincident limit. This results in all derived thermal corrections being convergent.
Moreover, the thermal photon propagator in the form (24) admits simple introduction of gauges. The gauge invariance allows verifying the correctness of found thermal effects. For example, the thermal self-energy correction was evaluated in section VI, where, as distinct from [18] , the Hadamard representation of the thermal photon propagator was used. In particular, the application of the coincident limit was shown to lead to the convergent final result. Its real part represents the ac-Stark shift and imaginary part yields the level width induced by the blackbody radiation. As it should be, the results perfectly coincide with [18] and are gauge invariant. In addition, the QED description of these thermal effects allows accurate accounting for the finite lifetimes of atomic levels. In the limit of zero level widths, the QED results reduce to the well-known expressions derived within the QM approach. Numerical values for the Stark shift, BBR-induced depopulation rates, and level widths found with the account for finite lifetimes along with the corresponding discussion can be found in section VI.
As the next step, the vacuum polarization effect was described within the QED theory framework, see section VII B. The final gauge-invariant result is given by Eq. (191), which leads to Eq. (192) for the hydrogen atom. This correction is proportional to the fifth power of the temperature and is of the next order in the fine structure constant. Taking into account that β −1 ∼ 10 −4 at the room temperature (in atomic units), we can conclude the correction to be negligibly small and lie beyond the accuracy of modern experiments [61] . The same conclusion can be made for other corrections: the recoil one, those for finite mass ans size of the nucleus, as well as the combined vertex and self-energy corrections, the thermal photon exchange corrections with vertices more than one. We should note also that the Feynman diagrams corresponding to the thermal photons exchange were evaluated within the framework of the adiabatic S-matrix formalism, which confirms the correctness of our results, see section V.
The most attractive result of the present paper emerges for the thermal one-photon exchange diagram. In the zero vacuum case, the diagram (see Fig. 4 ) corresponds to the Coulomb interaction, which is represented by the zeroth component of the 'ordinary' Feynman propagator. In case of the heated vacuum states, we also found the potential, derived from the Coulomb part of the thermal photon propagator, Eq. (84). The potential is gauge invariant and has an asymptotic tending to a constant at large distances (the case of free particles), Eq. (101).
The behavior of the thermal Coulomb potential, Eq. (84), is schematically illustrated in Fig. 10 . Two graphs correspond to different temperatures, which shows the potential well to become deeper and closer to the nucleus with the growing temperature. The asymptotic behaves as defined by Eq. (101) and tends to different constants at different temperatures. However, the direct evaluation of the potential Eq. (84) is possible rather numerically or analytically within the nonrelativistic approximation, i.e. when we employ the approximation of small distances (on the order of the Bohr radius). In this way, one can find the thermal correction of the lowest order, see Eq. (72) . Then, with the use of Schrödinger wave functions, one can obtain for the hydrogen atom:
where n a is the principal quantum number of the hydrogenic state a, l a is the corresponding orbital momentum and a 0 is the Bohr radius. The energy difference for the states with the same principal quantum number is
As should be expected, the external field removes degeneracy of atomic states, which corresponds in the non-relativistic limit to the dependence of the energy shift on orbital momentum l a . The parametric estimation of the correction follows from the series expansion of sin in Eq. (72) The estimate is of the same order in the fine structure constant as the BBR-induced Stark shift, see Eq. (165), but is larger due to the temperature factor. Thus, it can be expected that the thermal correction Eq. (223) should cause a more substantial energy shift of atomic levels than the well-known BBR-induced Stark shift. The spectroscopic hydrogen experiments of the type [61] , [64] are carried out at cryogenic temperatures (understood as the boiling point of oxygen (about 90 K) and lower). The numerical values of energy shift Eq. (223) at the nitrogen temperature 77 K for different hydrogenic n a l a states are listed in Table IV. Table V shows the values of the thermal energy shift for the difference of 2p − 2s states in the hydrogen atom at different temperatures. The thermal energy shifts Eq. (223) for the 1s and 2s states in hydrogen at different temperatures are given in Table V in s −1 . At the nitrogen temperature, the thermal correction Eq. (223) is twice as small, see Table IV , as the declared experimental error (10 Hz) [61] for the 2s−1s transition frequency. Nonetheless, the correction at the room temperature (see Table V) is about 300 s −1 for the 2s state in hydrogen. Thus, the thermal correction Eq. (223) can be measured in modern experiments at varying temperature and with the use, for example, of the thermal radiation shield [65] . The relative energy shift at different temperatures is δ ∆E β a /∆E β a = 3δT /T 0 (δT = T − T 0 and T 0 is some fixed temperature), whereas the Stark shift will give the ratio 4δT /T 0 at low temperatures, i.e. these shifts can be observed as straight lines with different slopes.
We should note here that the thermal correction Eq. (223) has no significant influence on the muonic hydrogen experiments [66] , [67] . The corresponding estimate can be given as m µ ∆E β a , where muon mass m µ ≈ 207m e . At the room temperature, it is about 1.22 × 10 −12 eV , which is negligibly small. Along with this, the nuclear finite-size correction Eq. (218) is proportional to m 3 µ , but is suppressed by the temperature factor β −5 ∼ 10 −20 at the room temperature. The same conclusion ensues for all other thermal corrections described in the paper.
B. The application to the determination of Rydberg constant and proton's charge radius
As a most intriguing corollary, one can estimate the effect of the thermal correction on determination of the Rydberg constant and proton radius. The root-mean-square charge radius, r p , has been found by electronic hydrogen spectroscopic experiments and the bound-state QED calculations [58] with 1 per cent uncertainty. The present value quoted by CODATA is r p = 0.8775(51) fm [68] . At the same time, the muonic hydrogen experiment produces the value r p = 0.84184(67) fm [66] . The difference of these values is still under discussion today. However, quite recently, a new value 0.8335(91) fm of the proton radius derived from the electronic hydrogen experiments was reported in [64] . The deviation of r p = 0.8758(77) and r p = 0.8335(91) fm was explained by the interfering transitions between 2s and 4p states in the hydrogen atom. The corresponding theory can be found in [69] and subsequent works [70, 71] , where the nonresonant corrections caused by such interference were introduced.
To determine the Rydberg constant and the proton radius, we employ the expression for the energy levels of a hydrogen atom
where n, l and j are the principal, orbital and total angular momentum quantum numbers, respectively; R ∞ = m e α 2 c/2h is the Rydberg constant (c is the speed of light and h is Planck's constant), m e and m p designate the electron and proton masses. Function f nlj denotes all the possible corrections arising within the relativistic QED theory, see [72] .
According to (225), we can write E nlj − E n l j = ∆E exp nlj−n l j , where we compare the theoretical result (the left-hand side) with the experimental one, which can be found in [72] . Solving two equations for two independent transitions produces the values of R ∞ and r p . Our calculations used the values of fine structure constant and speed of light α = 1/137.035999136 and c = 299792458 m/s. The conversion factor from atomic to SI units for energies (225) is 2R ∞ c/α 2 . To evaluate the root-mean-squared value, the def-
was employed. At zero temperature, the rms deviation was defined as the value of the transition frequency ± experimental uncertainty. The standard deviation of the overall result was found with the use of
, wherex is defined by means of the arithmetic average. The results of numerical calculations for different transitions and temperatures are listed in Table VI . a The Lamb shift value measured in Harvard laboratory and experimental inaccuracy 9 kHz for determination of the rms deviation in the first subrow were used [72] .
b The nozzle temperature denoted in [64] .
We should note that the thermal correction Eq. (223) increases with the growing principal quantum number and becomes very noticeable for highly excited states. In case of 8s state in hydrogen, the correction is −11489.4 Hz at the room temperature 300 K and is substantially larger than the experimental uncertainty 8.6 kHz. For the 4p state, it is −671.107 Hz at the same room temperature, whereas the experimental uncertainty of 2s − 4p frequency measurement is about 2.3 kHz. Thus, we can expect a strong impact of temperature environment on the determination of Rydberg constant and proton's charge radius. This fact can be easily seen from the results in Table VI .
The last row of Table VI gives the rms values of the Rydberg constant and proton's charge radius along with the corresponding standard deviations. The value in the first parentheses for the Rydberg constant at zero temperature represents the result of deviation defined via the experimental error. All results were found by the 'straightforward' averaging of data in the table. It is obvious, however, that some results fall out. For example, the proton radius value for the transition pair 2s 1/2 −12d 5/2 and 1s 1/2 −3s 1/2 (see row 16) is 0.689374 fm. It means the only thing: formulas for such transitions should not take into account the thermal correction at the room temperature. Nonetheless, since the blackbody radiation is poorly shielded, one can assume the thermal radiation to have an effect on the corresponding transition frequency measurements depending on the external conditions of the experiment. Then, combining the results in Table VI , which are close to the data of µH experiment, 1-6 at 300 K, 7,8 at 5.8 K, 9-12 at 300 K and 13-16 at 77 K, one can find Moreover, it was demonstrated in [64] that the experimental accuracy in eH measurements have reached the level, when the nonresonant effects caused by the interfering transitions become important. The most noticeable effect is observed for closely lying states with allowance for the fine or hyperfine level structure, see [71] . In this case, the process-dependent corrections lead to the line profile asymmetry, which does not allow an accurate determination of the line profile maximum, see [70] . Discarding transitions 2s − 2p 1/2 and 2s − 2p 3/2 from the analysis, we get R ∞ = 10973731.568227(44) m −1 , (227) r p = 0.8453(51) f m, which is in perfect agreement (0.5%) with the µH result for the proton's charge radius.
Completing this part of work, one can conclude that experiments with the hydrogen atom should take into account not only the nonresonant effects, but also the influence of the thermal radiation. It has been found that the Stark effect induced by the blackbody radiation does not represent the dominant contributor to the energy shift of atomic levels. In turn, correction Eq. (223) leads to the dominant effect of the thermal field on the atomic level energies. This becomes most significant for highly excited states in the hydrogen atom. An accurate analysis of thermal correction Eq. (223) is required for each measured transition. In turn, the muonic hydrogen experiment is not subjected to the effect.
X. CONCLUSIONS
This work presents the thermal QED theory for bound states. To this end, the photon propagator was derived when the vacuum state was replaced with the occupied (heated) one. The treatment of the heated vacuum was restricted to the photon part only, since the fermion part is here suppressed exponentially. In particular, the Feynman photon propagator was shown to contain the thermal part, which is given by the Hadamard propagation function. In turn, this allows finding an alternative form of the thermal photon propagator, which can of course be reduced to the well-known result. However, the new form presented by means of the contour integration in k 0 plane admits a simple introduction of gauges. The gauge invariance serves as a tool to validate results.
As opposed to the thermal photon propagator derived in [13, 14] , the new form allows also a simple consideration of the static limit for the external charge current and, hence, the description of the thermal interaction for two charged particles. However, as in case of [15] , there are divergences in various radiative corrections including the lowest order (onephoton exchange correction). All divergences arise from the Planck's distribution function included in the thermal photon propagator and are infrared. The renormalization procedure of such divergences was described in [15] within the QED theory for free particles.
The paper examined the thermal correction of the lowest order within the QED theory for bound states. The correction corresponds to the one thermal photon exchange diagram and is divergent. To renormalize the correction, a new procedure was proposed. In particular, it was shown first that the infrared divergence for bound states is canceled precisely by the contribution of free particles, which is state-independent. The subtraction of the thermal contribution for free particles corresponds to the renormalization by the 'unphysical' (unmeasurable) contribution, which represents the counter-term. Then, the same result was demonstrated to arise, where the regularization procedure of the thermal photon propagator by the way of the coincidence limit was used. The final result for the lowest order thermal correction is convergent and gauge invariant.
Further on, the regularization procedure of thermal photon propagator was extended onto the thermal radiative corrections of the next orders. The gauge invariance of the results was verified. Using the thermal self-energy correction as an example, it was established that the regularization procedure proposed in the work produces a physical result. The latter bears a simple analogy to the QM results and the 'ordinary' zero vacuum QED case, when the real part of the one-loop self-energy correction represents the energy shift and the imaginary parts corresponds to the lifetime of atomic level, see [33] .
The most important result of the work is the derivation of the thermal Coulomb potential. The potential follows immediately from the Coulomb part of the thermal photon propagator with the use of the regularization procedure proposed in the paper, although the subtraction of the counter-term for free particles could be used equally well. The potential is gauge invariant and can be regarded as the Bose potential induced by the thermal Coulomb photons. Two asymptotics are found for the potential: at small and large distances (temperatures). The former corresponds to the bound states and laboratory experiments with atomic systems. Then, the thermal correction of the lowest order (the thermal one-photon exchange) follows immediately from the corresponding Taylor series.
As an application of the found thermal correction, the problem of finding the Rydberg constant and proton radius was discussed. It was demonstrated that the thermal effects can lead to a substantial contribution in measurements of transition frequencies. In the work, such influence was taken into account for the 'directly' measured transitions only, see Table VI. Finally, the perfect agreement of the proton's charge radius values defined from the eH and µH spectroscopic experiments can be established.
In addition, the thermal effects described in the work can be important in studies of highly-charged ions and atomic clocks, the research of time variation of fundamental constants in laboratory and astrophysical experiments. Perhaps, the thermal Coulomb potential will find application in other fields of physics.
